DI FFRACTI ON FROM CRYSTALS: MATTER WAVES

~ INTRCDUCTI ON |

The experinents perforned in this lab will denonstrate the dual wave/particle nature
of matter. Matter is said to have a dual nature because depending on the type of
nmeasur enent being nade matter nmay seemto be conposed of either particles or waves

As an exanpl e consider Young's fanpbus experinent in which an interference pattern is
produced on a photographic plate by passing a beam of |ight (photons) through two
cl osely spaced slits. Interference is solely a wave phenonena inferring that the
noti on of the photons nust be waveli ke. However, upon close exanmi nation of the

photographic plate it is seen that the interference pattern is conposed of nunerous

i ndi vi dual spots. Spots where individual photon particles hit! In Young's
experiment it is found that |ight propagates |like a wave but is detected by the
phot ographic film as individual particles! In this lab we will examne a simlar

phenonena; diffraction of an electron beam by a crystal lattice (diffraction is

anot her wave phenonenon caused by interference.)

The discovery that natter has a dual wave/particle nature was one of the fundanental
underlying devel opnents of nodern physics. It was predicted in 1924 when a French
student, L. deBroglie suggested in his doctoral thesis that the wavelength of a

matter wave was given by the sane equation as for light.

h
A = — 1
p (1)
In this equation h is Planck's constant and p is the nonentum of the particle. As
support to this highly speculative proposal deBroglie pointed out that by
substituting p = h/A into Bohr's quantum condition for the stable orbits of

el ectrons in a hydrogen atom

Angul ar Momentum= mv r :27:1 (2)
one gets,
n A= 2 mr = Crcunference. (3)



If deBroglie's relation was correct it
suggested that Bohr's stability condition was
equivalent to stating that an integral nunber
of standing electron waves nmust fit around the
circunference of the electron orbits. |In 1925
Erwi n Schrodi nger devel oped a the mathematica
theory of wave mechanics which he used to
describe the motion of electrons in an
electric field. His results provided further

support for deBroglie's realtion.

The first experinmental evidence of the
exi stence of the wave nature of electrons was
di scovered accidentally by Davison and Gerner
in 1927 at Bell Tel ephone Laboratories. \When
heating an alum num electron beam target to
evaporate the oxide coating that had forned on

the surface they inadvertently crystallized

it.
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Figure 1  Hexagona Crystal
Structure

Afterwards they discovered that
intensity pattern of 'slow

el ectrons scattered off the alum num

showed m nimum and maxi num

Subsequently the two scientists
prepared a single crystal of alum num
to use as their target. By neasuring
| ocations of the minima and maxim of
the resulting diffraction pattern, the
wavel ength of the beam was cal cul ated
shown to match the deBroglie
relation exactly. DeBroglie's theories

further confirmed that year by

experiments performed by G P.

Thonpson using polycrystalline nmetallic

targets. He found that identical

patterns were produced by both el ectron

Figure 2 Face Centered Cubic and X-ray beams when they were of the
Crystal Structure same wavel engt h.
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CRYSTAL LATTI CE STRUCTURE

A crystal is a three dinmensional array of atons or nolecules arranged in a regul ar
pattern which consistently repeats itself at definite spatial intervals. A crystal
lattice may be viewed as being conposed of many atomcally thin |ayers of
atons/ nol ecul es stacked on top of each other. A basic unit of a hexagonal lattice
structure like that formed by hexagonal pyrolytic graphite is depicted in Figure 1.
For a given crystal type there are many ways in which the crystal lattice may be
"sliced up' into identical repeating |ayers or planes. Such a plane is specified in
terms of its MIller indices (H K L). MIler indices describe the angle of the
direction normal to a plane with respect to fundanental crystal lattice unit. Some
of the planes of a face-centered-cubic type lattice and the corresponding MIller
indices is shown in Figures 2 and 3. The face-centered-cubic lattice is a crysta
structure fornmed by many netals (alum num gold silver, nickel), alkali halides such

as table salt, and a | arge nunber of other substances.

Origin Origin
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Figure 3 Miller Indices of Reflection Planes
for Face Centered Cubic Lattice



BRAGG S LAW

VWhen a crystal lattice is exposed to a wave of e /
1/

photons (el ectromagnetic waves), electrons,

protons, or other particles, each atom nol ecul e

interacts with the wave and becones a secondary
wave source (essentially absorbing and then re- 9 _ e
emitting a particle of the original wave.) r i
These secondary waves may sum constructively or

destructively with each other and the original

wave at different points in space as the waves Figure 4 Snell's Law
propagate away fromthe crystal. The resulting Angle of Incidence Equals
di ffracted wave consisting of the original wave Angle of Reflection.

plus the sum of the secondary waves will
exhibit a specific pattern of mninma and maxi ma

corresponding to the crystal type and the wavel ength of the particle beam
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Figure 5 Derivation of Bragg's Law

In order for a plane wave to maintain a constant wave front upon reflection from a
crystal lattice plane, the difference in distance traveled between the rays 1 and 2 in
the figure above must be an integral number of wavelengths.
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Figure 6 Rings Formed by Diffraction from a Polycrytalline Material

A sinple condition describing the directions in which the secondary waves will add

constructively is given by Bragg's equation

2 dsin®=nA\ (4)

where d is the separation between a particular set of planes of the lattice
structure, 6 is the angle between the beam and the surface of these planes, and A is
the wavel ength of the beam This relation is the primary basis of the phenonena to

be nmeasured in this |ab

In order to derive Bragg's equation it is first assuned that any plane of a crysta
lattice can act as a partially reflecting mrror obeying Snell's |aw. This |aw
states that a wave incident on a plane of the crystal lattice will reflect at an
angle equal to the angle of incidence (Figure 4.) Secondly, Bragg's equation states
that a true reflection will only be seen when the sum of small individual
reflections formed by a stack of crystal planes adds constructively or in phase.
Examining Figure 5 it is seen that for a plane wave to retain a constant flat
wavefront upon reflection, the distance 2 A nust be an integral nunber of wave

| engt hs.

2 A=n A (5)



Substituting,
A=4dsin 6 (6)

into Eq.5 gives Bragg's Law,

Bragg' s Law 2dsinB=nA\ (7)

WAVE DI FFRACTI ON FROM POLYCRYSTALLI NE ALUM NUM

Upon exam nation under a nicroscope nany netals such as aluninumfoil are found to
be conposed of mllions of tiny randomy oriented crystalline domains. Such a state
is often called polycrytalline. Wen a beam of electrons is transmtted through a
thin film of polycrystalline naterial a bullseye pattern consisting of a bright
center spot (corresponding to direct tranm ssion of the incident beam along with
many surrounding rings is seen (see Figure 6.) Each ring corresponds to one of the
material's lattice planes for which there is an angle of reflection satisfying

Bragg's | aw.
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Figure 7 Crystal Diffraction Geometry

The total angle of a diffraction maxima due to reflection off of a particular crystal
lattice plane is twice the angle of incidence on that plane. This angle may be
approximated as the distance of the diffraction spot from the undiffracted beam over

the distance between the imaging screen and the crystal, i.e. q = 1/2 r/D.



For exanpl e suppose that the seperation between a particular set of the famly of
lattice planes of face-centered cubic aluminumis 2.02 Angstroms and the electron
beam has a wavel ength of 1.0 Angstrom Bragg's equation is satisfied for first

order reflection (n=1) at the angle

8 =sin 1(%) = sin 1( = 14, 33° (8)

VWhen a crystal is oriented such that the electron beamis incident on these lattice

planes with the calculated angle it will reflect a portion of the beam away with a
total deviation of 20 (see Figure 7). Due to the nmillions of randomy oriented
crystals in a polycrystalline material there will be many crystal domins that
satisfy these conditions. Al t hough, Bragg's condition is satisfied for only

particul ar values of the azinuthal angle 6, it my be satisfied for any polar angle
Q. As a result rings are fornmed instead instead of spots (see Figure 6). An
analogy is the ring pattern one sees if a board with many dots on it is spun
qui ckl y. Qur eyes see the spots at all angles of rotations and the spot pattern

blurs into a set of rings.

The distance between the reflection planes of face-centered cubic lattices

corresponding to the MIler indices [H K L] is given by,

d = (9)

a
VI + KR + 12

where a is the length of the edge of the unit cell (see Figure 2). The accepted
val ue of a for polycrystaline aluninumis a = 4.0496 * 0.0001 A.

Substituting Equation 9 into Bragg's equation and solving for A gives,

A = 2 dsin®6 _ 2 asinb (10)

" V(n A2 + (n K2+ (n 1)2

Hi gher order reflections fromplanes [H K L] are considered to be equivalent to

first order reflection fromthe planes [h k I] = [nH nK nL].

When the angle of diffraction is snmall, sin 6 nmay be approxi mated as,

; ~ ~ I
sin® = 0 °D (11)
where D is the distance between the crystal and detecting screen and r is the radius
of the ring (see Figure 6.) This produces,



2 asin® _ ar (12)

V2 + k2 + 12 DV + K2 + 12

A

The intensity of reflection is proportional to,

— 1 4+el M(h+k of M(k+1) o m(I +h

I(h k1) o
=1+ (DR ke U+ n

whi ch equals 4 when h, k and /| are all even or odd and zero otherwi se. The allowed
M1l er indices of face-centered cubic structres for which rings will occur are given

in Table 1.

WAVELENGIH OF AN ELECTRON BEAM

The wavel ength of an electron beam may be calculated from the voltage difference

bet ween the cathode (emmiter) and anode. Assunming the velocity of the electrons are

significantly less than the speed of light then the nonrelativistic equation
relating energy to nomentum and velocity can be used. If the potential difference
is Vvolts then the electrons will reach a kinetic energy of,
KE = 12 mvZ = P2 q Vv (14)
2m

when they reach the anode (where mand g are the mass and charge of an el ectron.)

Table 1 A | oned Face-Center Cubic Refl ections

hk i (h2 + K2 + [2) Vh2 + k2 + |2
111 3 1.732
200 4 2.000
220 8 2.828
311 11 3.316
400 16 4. 000
331 19 4.358
420 20 4.472
422 24 4.898
511, 333 27 5.198
440 32 5. 656




Substituting Equation 14 into deBroglie's relationship ( A = g = B?; ) gives,

A= _h (15)
V2 maq V

If Ais expressed in Angstrons and V in volts then substituting values for the

charge and mass of an el ectron the handy rel ation

) 0
A(A) = QV(Volts) (16)

i s obtained.
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.~ OPERATI ON OF THE ELECTRON DI FFRACTI ON TUBE |

<<<< WARNI NG - TO AVO D BURNI NG THE PHOSPHOROUS SCREEN >>>>

<<<< TURN THE | NTENSI TY CONTRCL UP SLOALY >>>>
<<<< AND ALWAYS USE LOW LI GHT LEVELS EXCEPT >>>>
<<<< VHEN MOVI NG BEAM TO SEARCH FOR CRYSTALS >>>>
1. Before turning on the electron diffraction tube be sure that both the intensity

and the anode voltage are turned to zero.

2. Turn on the power switch and allow a few m nutes for the power supply and the
tube filament to warm up. The anode voltage control may then be turned up and
the intensity increased until the beamis seen. (Between 7 and 9 kilovolts is a

good val ue for searching for one of the crystals.)

3. The focus control should always be adjusted to minimnmze the spot size on the

screen whenever the voltage control is changed.

4. When taking data frequently nonitor the anode voltage nmeter as it nmay drift.

5. Turn the intensity and voltage controls to zero before switching off the power

to the electron diffraction tube.

EXPERI MENT 1| . THE ELECTRON DI FFRACTI ON PATTERN
OF POLYCRYSTALLI NE ALUM NUM

PROCEDURE

1. Once the electron diffraction tube has warmed up focus the beamand aimit at
the piece of the polycrystalline alumnumfoil which is slightly down and ri ght
of the center of the screen (see Figure 8.) Wen the beamis pointed on the

foil a bright set of rings should appear
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2. For three different anode voltage |evels (suggested values are 7, 8, and 9
Kilovolts) find the radii of the rings produced. A transparency with a grid of
lines spaced at mllinmeter increnents has been provided for this neasurenent.
To obtain good data, take two or three nmeasurenents of the dianeter of each ring
using different orientations and average them This will help conpensate for
distortions of the screen, variations in intensities, and limted accuracy of

our eyes.

3. When you vary the anode voltage it will help to change it in small increments
whi |l e readj usting the beam position and focus to nmaintain the ring pattern unti
the desired voltage is reached. Don't forget to nonitor and adjust the anode
vol tage whil e nmaki ng your neasurenents since it may float a bit with tine.

4, The di stance D between the crystal and the screen is 18.29 cm

5. Using this data you will performtwo sets of analysis:

CALCULATI ONS

A CALCULATI ON OF THE BEAM WAVELENGTH

For each accel erating (anode) voltage performthe foll ow ng:
i) Cal cul ate the wavel ength of the electron beam from the accel erating

vol tage using Equation 16.

ii) Usi ng the known val ue of the lattice constant and the neasured radii of
the rings, match each ring to the correct reflection plane and its
corresponding MIller indices using the lattice constant of alunm num
(a = 4.0496 + 0.0001 A) and Equation 12. The allowed lattice spacings
given in Table 1 will be necessary to identify each ring. It may be a
little tricky. Keep in nind that it is possible a ring nay be m ssing

or very dim Tabulate all val ues.

iii) Once each ring has been identified, using the accepted value for the
|lattice constant, recalculate the wavel ength of the el ectron beam based
on the neasured ring radii. Calul ate and tabulate the percent error

and di scuss.

11



B. CALCULATI ON OF THE LATTI CE CONSTANT OF ALUM NUM

i) Determ ne the nunber of atonms associated with a unit cell of a face-
centered cubic lattice. Note that npst atons are only partially within
the cell. For exanple only one eight of one of the corner atons is in
the cell. The other seven eights are in the seven adjacent cells. Now
using the nolecular weight of alumnum its density and Avogadro's
nunber calculate the lattice constant a. How does this conpare with
the accepted val ue?

ii) Rearrangi ng Equation 13 gives the ring radius as a function of the
M1 ler indices.

r:%D h2 + k2 + 12 (17)
We can calculate the lattice constant by plotting the ring radius as a
function of Vh2 + k2 + [2 and finding the slope (A?f%. Use this
method to estimate a for each set of data taken at the different
accel erating voltages. To be nore accurate the lattice constant may be
cal cul ated using a | east-square error nethod.
EXPERIMENT II.  THE ELECTRON DIFFRACTION PATTERN
OF HEXAGONAL PYROLYTIC GRAPHITE
PROCEDURE

Aimthe electron beam onto the piece of graphite found slightly up and left of

center to produce a hexagonal pattern of spots. You may need to play the beam

around the edge and while adjusting the focus to find a thin area of the crystal

whi ch produces a sharp pattern

2. For three different anode voltage |evels (suggested values are 7, 8, and 9

Kil ovolts) record the distance fromthe inner spot to nearest six spots. If it

is easier, nmeasure the distance between opposing spots of the pattern. For each

anode vol tage average these values and use the relation sin 6 = 6 = T to obtain

2D

the first order diffraction angle at the el ectron beam wavel ength correspondi ng

12



to that

particular voltage. This gives the diffraction angle corresponding to

the | argest fundamental |attice plane spacing of the crystal.

3. When you vary the anode . .’ ‘ .
voltage it will help to K /
change it in small )/ //
increments whi | e /// /
readjusting the beam . @ /‘ ' .
position and focus to ///3}. a J/
mai ntain the spot /N )
pattern until the / N
desired vol tage is /’\ / ‘ '
reached.  Don't forget ) \/’/
to monitor and adjust /// ///
the anode voltage while // ’ ' .
maki ng your neasurenents / )/
since it my float a bit
with tine. Figure 9 Lattice Plane Spacing of the
Fundamental Lattice Planes with the Widest
4. Using the data gat hered Spacing for Hexagonal Crystal Structures
performthe follow ng
cal cul ati ons.
CALCULATI ONS
A CALCULATI ON OF THE LATTI CE CONSTANT

For each accel erating (anode) voltage performthe follow ng,

i)

The set of fundanental lattice planes with the w dest seperations is
shown in Figure 9. For these lattice planes the spacing d is related

to the lattice constant a by,

d = a cos( 300) (18)

For each accelerating voltage calculate the lattice spacing using the
cal cul ated values of the diffraction angles (6 = ZLD) , Bragg's equation

13



(with n = 1), and the beam wavel ength cal cul ated from the accel erating

pot ent i al ( A (A= V;Tis) .

ii) Conpare the cal cuated values for the lattice spacing with the accepted

value a = 2.4612 * 0.0001 A

iii) By substituting deBroglie's relation into the Bragg Equati on we can use
the data fromthis experinent to estimte Planck's constant. For first

order diffraction (n=1) and small 6,

_h _ - N r_dr
)\—p—2d5|n9~2d 5= o (19)

Substituting Equation 14 and solving for r produces,

r=h-—— P (20)
d V2 qg mVv
Usi ng Equation 20, Planck's constant may be found from the slope of a
line fit to a plot of r as a function of AAAAAELAAAA; Use the linear-
dV2 g mv

| east-squares fit nethod to find the slope of line that best fits the
data to find r. This nmay be easily performed using MatLab or with some
calculators. You can check out Dr Erlenneyer's Least-Squares Fit web
page (http://ww. astro. nwu. edu/ ¢35/ PAGES/ erl enneyer. htm) and the
corresponding Theory page for mor e details
(http://ww. astro. nwmu. edu/ c35/ PAGES/ | sqerr. htm).

QESTIONS |

Modi fy Equation 15 to apply to relativistic velocities. At what voltage |levels

does Equation 15 becone innaccurate?

How woul d the experinent change if positrons were used instead of electrons?

Why woul d this experinent no | onger work using protons?

What is the wavelength of a beam of alpha particle (Helium nuclei) after

accel eration by a potential of 10 Kev?
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4, What is an easy method of showing that the diffraction pattern is being forned
by charged particles and not by light? (Hint: Renenber the Planck's constant

experinent.)

5. Equation 13 seenms to indicates that all planes of the face-centered cubic
|attice should reflect the beam with the same strength. However, it is seen
that ring intensity seens to decrease with radius. Wy? (Hnt: A wheel with a
line of lights going fromthe center to the outer edge is spun on it's axis.

Way woul d the outer ring seem di nmer ?)

6. The wall of the electron diffraction tube, the target, and the screen are al

connected to electrical ground. Can you explain why?
7. Wy would the wall of the electron tube need to be covered with a thin |ayer of

graphite?

Sections of this lab were based on
Instructions for Catalog No. 2639 Electron Diffraction Tube, Harry F. Meiners, The
Wel ch Scientific Conpany, 7300 North Under Ave. Skokie, Illionois
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